Abstract. If a knot K in a closed, orientable 3-manifold M has a bridge surface T with distance at least 3 in the curve complex of T − K, then the genus of any essential surface in its exterior with non-empty, non-meridional boundary gives rise to an upper bound for the bridge number of K with respect to T . In particular, a nontrivial, aspherical, and atoroidal knot K with such a bridge surface has its bridge number bounded by 5 if K has a non-trivial reducing surgery; 6 if K has a non-trivial toroidal surgery; and 4g + 2 if K is null-homologous and has Seifert genus g.
Introduction
If a knot K in a 3-manifold M is in bridge position with respect to a Heegaard surface T for M , both bridge number b(T ) and distance d C (T ) are integer measures of the complexity of the bridge position. Both give rise to knot invariants (since we can minimize over all possible bridge positions for K) and both reflect, to some degree, the topology and geometry of the knot exterior. Although, in general, there is no relationship between bridge number and the genus of essential surfaces in the knot exterior, we show that, for knots with bridge surfaces of distance at least 3, the bridge number is bounded above by an explicit linear function of the genus of such a surface, assuming the surface has non-empty, non-meridional boundary. As a consequence, we show: The first conclusion is surprising, for if we drop the hypothesis that d C (T ) ≥ 3, there are genus 1 knots of arbitrarily high bridge number. For example, let J n be a sequence of knots in S 3 such that the minimum bridge number of a bridge sphere for J n goes to infinity with n. If K n is the Whitehead double of J n , the Seifert genus of K n is 1 but the bridge number of K n is at least twice the bridge number of J n [12, 13] . We expect that there are genus 1 hyperbolic knots of arbitrarily large bridge number, but constructing them is beyond the scope of this paper.
The second conclusion puts strong restrictions on any potential counterexample to the cabling conjecture [5] . For, suppose that a counterexample K ⊂ S 3 is in minimal bridge position with respect to a Heegaard sphere T . Hoffman [9] showed that b(T ) ≥ 5 and, in [10] , claims he has also proved (in unpublished notes) that b(T ) ≥ 6. If that result is correct, then our result reduces the cabling conjecture to studying knots having bridge spheres T satisfying the simple combinatorial condition d C (T ) ≤ 2. In a forthcoming paper, we will describe all knots in S 3 with a bridge sphere satisfying d C (T ) = 2. Many of them, it turns out, contain an essential meridional planar surface in their exterior, much like when d C (T ) = 1. Thus, resolving the cabling conjecture for knots with an essential tangle decomposition would be an important step towards resolving the cabling conjecture in general. Towards that end, Hayashi [6] has shown that if K has an essential tangle decomposition such that no two strands of either tangle are parallel, then K satisfies the cabling conjecture and Taylor [14] has shown that if K is formed by attaching a "complicated" band to a two component link (e.g. if K is a band sum) then K also satisfies the cabling conjecture. However, the proof of the cabling conjecture for the case when K has an essential meridional planar surface in its exterior remains incomplete.
With reference to the last conclusion, we note that if a knot K ⊂ S 3 lies in some complicated way on a knotted genus 2 surface W ⊂ S 3 , then a Dehn surgery on K corresponding to the (integral) slope of W ∩ (S 3 −η(K)) will likely produce a toroidal 3-manifold. Presumably, if the knotting of W is complicated enough, then the bridge number of K with respect to a Heegaard sphere can be made arbitrarily high. Eudave-Muñoz [4] has given examples of hyperbolic knots in S 3 with toroidal surgeries of half-integral slope. Our result shows that all knots with toroidal surgeries and with high bridge number cannot also have high distance bridge surfaces.
Background and Previous Results
Let M be a compact, connected, orientable 3-manifold (possibly with boundary) and let K ⊂ M be a nontrivial knot with a compact, orientable surface S properly embedded in its exterior M K . Let ∂ 0 S = ∂S ∩ ∂M and let ∂ K S = ∂S − ∂ 0 S. Assume that all the components of ∂ K S are parallel, essential and non-meridional curves. Let ∆ be the minimal intersection number between a component of ∂ K S and a meridian of K. We say that a simple closed curve σ ⊂ S is essential in S if it does not bound a disc in S and if it is not isotopic to a component of ∂ K S. Curves isotopic to ∂ 0 S are considered to be essential for the purposes of this paper. An arc properly embedded in S is essential if it is not boundary parallel.
A compressionbody C is any space obtained from F ×[0, 1], with F a closed connected surface, by attaching 2-handles and 3-handles along F × {0}. We let ∂ + C = F ×{1} and ∂ − C = ∂C −∂ + C. The union τ of properly embedded arcs in C is trivial if τ is isotopic into ∂ + C relative to ∂τ . If τ ⊂ C is trivial, a spine Γ for (C, τ ) is an embedded graph in C such that the exterior of
A bridge surface for (M, K) is a closed separating surface T ⊂ M such that the closure of each component of M −T is a compressionbody intersecting K in trivial arcs. We let T ↑ and T ↓ denote the closures of the components
The curve complex C(T ) of T has vertices equal to isotopy classes of essential simple closed curves in T K . Two vertices in C(T ) are joined by an edge if the vertices have disjoint representatives in T K . If T is a surface other than a torus with 0 or 1 punctures or a sphere with 4 or fewer punctures, then C(T ) is connected. Since, for us, T is a bridge surface for a knot it cannot be a zero or once-punctured torus. The disc sets D ↑ C and D ↓ C for C(T ) consist of those vertices that bound compressing discs for T K in T ↑ −η(K) and T ↓ −η(K) respectively. The bridge distance d C (T ) of a bridge surface T is defined to be the distance from
This definition is a ready generalization of Hempel's definition [8] of distance for Heegaard surfaces (i.e. when K = ∅). If d C (T ) = 0, there is a sphere in M intersecting T K in a single essential loop. This implies that either M − K is reducible or that T is a stabilized bridge surface (in the sense of [7] .) If d C (T ) = 1, the bridge surface can be untelescoped and, in most cases, there is an essential meridional surface in M − K of genus at most the genus of T [7] . The paper [2] shows that bridge surfaces T exist with d C (T ) arbitrarily high, and in [11] this result is improved to show that such surfaces continue to exist if the 3-manifold is fixed.
Rather than measuring the distance of T in C(T ), distance could be measured in the "arc and curve complex" [1] . This gives rise to a different integer complexity of T , denoted d AC (T ). It is always the case that
In [3] , we proved that there is a relationship between the distance d AC (T ) of a bridge surface T for a knot K in a compact, connected, orientable 3-manifold M and the genus g(S) of either an essential surface or a Heegaard surface S in a manifold obtained by performing non-trivial Dehn surgery on K. Among other results, we showed that if K ⊂ S 3 has a surgery producing a reducible or toroidal 3-manifold, then d AC (T ) ≤ 2. Theorem 1. In fact, Theorem 3.2 shows that the conclusion holds even if we relax the requirement that S is essential. Before stating the theorem, we establish some notation and definitions.
Let Γ ↓ and Γ ↑ be spines for (
be projection onto the second factor and extend h so that
(Without loss of generality, we may assume that the choice of labels T ↓ and T ↑ makes this extension continuous.) The map h is called a sweepout of (M, K) by T . For all t ∈ (0, 1), the surface T t = h −1 (t) is a surface isotopic to T and transverse to K. Perturb h so that h| S is a Morse function with critical points having distinct critical values. By putting a flat metric on the frontier of K, and isotoping S and h so that ∂ K S and ∂(T t ∩ M K ) are the union of geodesics for all t, we may assume that the quantity |∂S ∩ ∂(T t ∩ M K )| is constant. Hence,
is essential for S relative to h if a and b are regular values for h| S and if for all regular values t ∈ [a, b] all components of T t ∩ S are essential in both surfaces. Let ǫ > 0 be less than half the minimum distance between adjacent critical points. An essential interval [a, b] is maximally essential for S if, for the critical value a − just below a and the critical value b + just above b, some arc or circle α of T a − −ǫ ∩ S is essential in T but bounds a compressing or boundary compressing disc for T that lies in T ↓ and some arc or circle β of T is essential in T b + +ǫ ∩ S but bounds a compressing or boundary compressing disc for T that lies in T ↑ .
Theorem 3.2 (Main Theorem). Assume that C(T ) is connected, d C (T ) ≥ 3, and that there is a maximally essential interval for S relative to T . Then,
Proof. The proof is a variation of [3, Theorem 3.1]. Let t − , t + ∈ (0, 1) be regular values of h| S such that there is a unique critical value v of h| S in [t − , t + ]. As t ∈ [t − , t + ] passes through v, a band is attached to one or two components of T t − ∩ S to create one or two components of T t + ∩ S. All components of T t − ∩ S are disjoint in S from all components of T t + ∩ S and, furthermore, under the natural identification of T t with T , all the components of T t − ∩ S can be isotoped to be disjoint in T from all the components of T t + ∩ S. Let [a, b] be a maximally essential interval for h relative to S and let v ∈ [a, b] be a critical value of h| S . Let t − and t + be regular values on either side of v such that v is the unique critical value of h| S in [t − , t + ]. Suppose that σ − is the union of the components of T t − ∩ S that are banded together at v to produce the components σ + of T t + . The components of σ − are called pre-active, those of σ + are called post-active, and an arc that is pre-active or post-active is also called simply active. Let A be the union of all active arcs and circles and let V be the union of all the critical values v ∈ [a, b] of h| S such that there is an active arc at v. Figure 1 shows a pre-active arc and two post-active arcs at a critical point. If an arc in σ − ∪ σ + is not active, it is inactive. Since all arcs and circles of T t ∩ S are essential in both surfaces for t ∈ [a, b], an arc κ − ⊂ σ − is isotopic in S to an arc κ + ⊂ σ + if and only if its projection to T is isotopic in T to the projection of κ + . Let I be the union of all the inactive arcs. If κ − ⊂ σ − is an inactive arc component, then there is a corresponding arc κ + in σ + such that κ − and κ + are isotopic in both S and in T K (under the projection of T t −η(K) with T K ).
Let P be the closure of the components of S − A. For a component P k ⊂ P, let b k denote the number of copies of active arcs in ∂P k (counted with multiplicity). Define the index of P k to be
As in [3, Theorem 3.1], note the following:
(a) J(P k ) ≥ 0 for all components P k ⊂ P. (b) If a component P k ⊂ P contains a critical point of h| S , then J(P k ) ≥ 1 (c) A component P k ⊂ P containing a critical point of h| S has at most two post-active arcs in its boundary.
. Let Q be the total number of post-active arcs. By (c), Q ≤ 2|V|. By (a) and (b), 2|V| ≤ 2 P k ⊂P J(P k ). Hence, by (d):
be the critical values of h| S in (a, b) and set v 0 = a and v m = b. Let
A constant path is a sequence of inactive arcs κ 1 , . . . , κ m with κ i ⊂ T q i ∩ S and all κ i mutually isotopic in both S and T . Suppose that (κ i ) is a constant path and identify each T t with T . Let γ 1 be the frontier of a regular neighborhood of κ 1 in T . If α is a circle, let γ 0 = α; otherwise let γ 0 be the frontier of a regular neighborhood in T of α. If β is a circle, let γ 2 = β, otherwise let γ 2 be the frontier of a regular neighborhood of β in T . Note that γ 0 , γ 1 , and γ 2 are all essential circles in T K . Recall also that the interior of κ 1 is disjoint from α, the interior of κ m is disjoint from β, and κ 1 and κ m are isotopic in S. Thus, if neither endpoint of κ 1 is on the same boundary component of T K as an endpoint of either α or β then γ 0 , γ 1 , γ 2 is a path of length 2 in C(T ). See Figure 2 . However, γ 0 ∈ D ↓ C and γ 2 ∈ D ↑ C , so d C (T ) ≤ 2, contradicting the hypotheses of the theorem. Consequently, whenever (κ i ) is a constant path, one endpoint of κ 1 lies on a component of ∂T K adjacent to α or β.
Since K is a knot, for any regular value t of h| S and any boundary component σ t of T t −η(K), there are exactly |∂ K S|∆ arcs of T t ∩ S adjacent to σ t . On σ t , label the intersection points with ∂S, 1, . . . , |∂ K S|∆ with the labelling chosen so that it remains constant for all t. We can consider those labels to lie in a component σ of ∂T K . Call a label in σ active if, for some t ∈ [a, b], it is adjacent to an active arc and inactive otherwise. Each inactive label corresponds to an endpoint of an arc in a constant path. Each arc in a constant path is adjacent to one of the components of ∂T K incident to either α or β, so there are at most 8|∂ K S|∆ inactive labels in ∂T K . There are 2b(T )|∂ K S|∆ labels in ∂T K , so there are at least (2b(T ) − 8)|∂ K S|∆ active labels. Each active arc is adjacent to two active labels. Thus, by Inequality (i),
We have −2χ(S) = 4 g(S) − 4|S| + 2|∂ 0 S| + 2|∂ K S|. Consequently,
Proof of Corollary 3.1. Let K be a knot in a closed 3-manifold M . Let S be a compact, connected, orientable essential surface of genus g in M K . Assume that S has non-empty and non-meridional boundary. If T is a bridge surface for (M, K) such that ∂T K ∩ ∂S meet minimally, then there cannot be a component of T ∩ S that is essential in S but inessential in T , for then S would be compressible or boundary compressible in M K . Since ∂M K is a torus, this would contradict the assumption that S is essential. Thus, any component of T K ∩ S that is essential in S is also essential in T . Let h be a sweepout for M corresponding to T . Assume that h has been isotoped so that h| S is Morse with critical points at distinct heights and so that |∂S ∩ ∂T t | is constant on (0, 1). When t is near 1, every component of T t ∩ S bounds a disc or boundary compressing disc in S ∩ T ↑ . When t is near 0, every component of T t ∩ S bounds a disc or boundary compressing disc Since 4g + 2 ≥ 6 if g ≥ 1, we have proven our corollary.
Proof of Theorem 1.1. Assume that K is non-trivial. Let S be a minimal genus Seifert surface for K of genus g ≥ 1 (such a surface always exists if K is null-homologous in M ). Corollary 3.1 implies b(T ) ≤ 4g + 2. This is Conclusion (1) . If K has a reducing surgery, let S be an essential sphere in the surgered manifold that intersects the core of the surgery solid torus K minimally. The surface S = S ∩ M K is an essential non-meridional planar surface in M K , so Corollary 3.1 implies b(T ) ≤ 5, giving Conclusion (2) .
If K is atoroidal, but has a toroidal surgery, let S be an essential torus in the surgered manifold that intersects the core of the surgery solid torus K minimally. Let S = S ∩ M K . The surface S is an essential non-meridional genus 1 surface in M K . Corollary 3.1 implies
If the surgery slope is non-integral (i.e. if ∆ ≥ 2) then inequality (ii) gives the better bound of b(T ) ≤ 5.
